A 24+24 real scalar multiplet in four dimensional N=2 conformal
  supergravity by Hegde, Subramanya et al.
ar
X
iv
:1
71
2.
02
30
9v
3 
 [h
ep
-th
]  
13
 Fe
b 2
01
8
A 24+24 real scalar multiplet in four dimensional N=2 conformal supergravity
Subramanya Hegde1, Ivano Lodato2 and Bindusar Sahoo1
1Indian Institute of Science Education and Research,
Thiruvananthapuram, Vithura, Kerala, 695551, India
2 Department of Physics and Center for Field Theory and Particle Physics,
Fudan University, 220 Handan Road, 200433 Shanghai, China
Starting from the 48+48 component multiplet of supercurrents for a rigid N=2 tensor multiplet
in four spacetime dimensions, we obtain the transformation of the linearized supergravity multi-
plet which couples to this supercurrent multiplet. At the linearized level, this 48+48 component
supergravity multiplet decouples into the 24+24 component linearized standard Weyl multiplet and
a 24+24 component irreducible matter multiplet containing a real scalar field. By a consistent
application of the supersymmetry algebra with field dependent structure constants appropriate to
N=2 conformal supergravity, we find the full transformation law for this multiplet in a conformal
supergravity background. By performing a suitable field redefinition, we find that the multiplet is
a generalization of the flat space multiplet obtained by Howe et al in Nucl. Phys. B214 (1983)
519-531, to a conformal supergravity background. We also present a set of constraints which can be
consistently imposed on this multiplet to obtain a restricted minimal 8+8 off-shell matter multiplet.
We also show as an example the precise embedding of the tensor multiplet inside this multiplet.
I. INTRODUCTION
The use of conformal symmetries plays a crucial role
in the construction of theories of supergravity. While
the physical Poincare´ theory can be obtained via a sim-
ple gauge-fixing procedure, the higher degree of symme-
try in the conformal theories allows for a rigorous re-
arrangement of the off-shell degrees of freedom within
multiplets shorter than the one that contains Poincare´ su-
pergravity degrees of freedom. Furthermore, techniques
generally referred as “multiplet calculus” have been de-
veloped over the years to simplify the often massive task
of constructing invariant couplings of supergravity, espe-
cially higher derivative ones.
Off-shell conformal supergravities exist for dimensions
D ≤ 6. The higher dimensional theories are typically
related to the lower dimensional theory via dimensional
reduction. For a connection between the N = (1, 0) chi-
ral theory in 6 dimensions as well as N=2 theory in
four dimensions with the N = 1 theory in five dimen-
sions1 via dimensional reduction (uplift) see [4] and [5]
respectively. Hence, one can expect that given a result in
higher dimensional theories, a similar result would exist
in the lower dimensional theory from dimensional reduc-
tion arguments. A relevant example of such connection is
the existence of the two versions of Weyl multiplets: the
standard and dilaton Weyl, which were constructed in
six dimensions [6] and later on in five dimensions [1, 2],
also exists in the four-dimensional case [7–10]. While
the precise reduction procedure and identification of off-
shell degrees of freedom is being currently worked out,
it is easy to realize that the reduction of the 32+32 off-
shell five-dimensional dilaton Weyl multiplet would give
1 We refer to the minimal supergravity in five dimensions formu-
lated in terms of eight supercharges as N=1. However sometimes,
for example in [1–3], it is referred to as N=2.
the 24+24 four-dimensional dilaton-Weyl multiplet plus
a short 8+8 vector matter multiplet in four dimensions.
It is worth pointing out that the dilaton-Weyl mul-
tiplet could be obtained in two different yet equivalent
ways in five dimensions. The first procedure involves an-
alyzing the coupling of a standard Weyl multiplet with
an on-shell vector multiplet [1]. The vanishing of the
vector multiplet equations of motion furnishes a set of
constraints, which can be used to fix the auxiliary fields
of the standard Weyl multiplet in terms of the auxiliary
fields of the dilaton Weyl multiplet. The same procedure
is used in [10] to obtain the N = 2 dilaton-Weyl multiplet
in four dimensions.
The second method in five dimensions was based on
the construction of the current multiplet for a non-
conformal vector multiplet. The standard action for a
non-conformal vector multiplet in five dimensions would
not be scale invariant and hence the trace of the energy-
momentum tensor σ = θµµ would be a non-trivial com-
ponent of the current multiplet. When coupling the cur-
rent multiplet to linearized gravity (Weyl) multiplet, the
scalar current σ will couple to a scalar field of dimension
1: the dilaton. From the linearized gravity multiplet it
is in principle a simple, yet computationally challenging,
task to derive the full non-linear transformations of the
dilaton version of the Weyl multiplet. It is worth empha-
sizing that, in this method, the non-conformal nature of
the matter multiplet chosen was crucial to obtain the
Weyl multiplet with a dilaton.
One na¨ıvely expects the same method to produce
the dilaton Weyl multiplet in four dimensions, the only
caveat being that the vector multiplet in four dimensions
is conformally invariant. Hence a different off-shell non-
conformal multiplet needs to be chosen for the construc-
tion of the current multiplet. Such non-conformal current
multiplets have been discussed in [11]. We use the cur-
rent multiplet associated with a rigid tensor multiplet in
four spacetime dimensions and show that the na¨ıve ex-
2pectation of getting a dilaton Weyl multiplet from this
non-conformal current multiplet turns out to be incor-
rect.
Specifically, we find that the linearized multiplet of
gravity that couples to the current multiplet of the rigid
tensor multiplet has 48+48 components, which can be
arranged into the standard Weyl multiplet and an irre-
ducible and unconstrained off-shell 24+24 matter mul-
tiplet containing a real scalar field. We will henceforth
refer to it as the “real scalar multiplet”. After a suitable
field redefinition, we show that our result is a generaliza-
tion of the flat space results of [12] to a conformal su-
pergravity background. We also find that this multiplet
can be consistently restricted to an 8+8 component mul-
tiplet and show the precise identifications encoding the
embedding of the tensor multiplet inside this multiplet.
The paper is organized as follows. In section II, we
will describe the features of four-dimensional conformal
supergravity relevant to our paper (see [13] for all the de-
tails and [14] for an extensive review on the subject). In
sections III and IV we will present the details of the con-
struction of the linearized real scalar multiplet starting
from the current multiplet of a rigid tensor multiplet. In
section V, we will present the real scalar multiplet along
with its complete supersymmetry transformations in a
conformal supergravity background. In section-VI, we
will introduce field redefinitions which will simplify the
supersymmetry transformations presented in section-V.
This is one of the main results of our paper which gen-
eralizes the flat space results of [12] to a conformal su-
pergravity background. In section VII, we will find a set
of consistent constraints that restricts the multiplet to
8+8 components. Finally in section VIII, we will find
the embedding of the 8+8 tensor multiplet within the
24+24 real scalar multiplet that satisfies the constraints
obtained in the previous section. The results obtained
in section-VII and VIII are other important results of
our paper which has potential applications that we will
discuss in the concluding section.
II. N=2 CONFORMAL SUPERGRAVITY IN
FOUR SPACETIME DIMENSIONS
Conformal supergravity with N-extended supersymme-
try is a gauge theory based on SU(2, 2|N) superconformal
algebra, the supersymmetric generalization of the con-
formal algebra. It is invariant under two different types
of supersymmetry generators, the Q-supersymmetry and
the special S-supersymmetry. The multiplet of fields that
contains the gauge fields of the superconformal algebra
is known as Weyl multiplet. For N = 2, the Weyl mul-
tiplet has 24+24 (bosonic+fermionic) off-shell degrees of
freedom. In order to describe the multiplet, we fix our
notations as follows. We denote the spacetime indices by
Greek letters µ, ν · · · , the local Lorentz indices by Latin
letters a, b, · · · , SU(2) indices by i, j · · · . As we men-
tioned before, two different versions of the Weyl multi-
TABLE I.
Field SU(2) Irreps Weyl
weight
(w)
Chiral
weight
(c)
Chirality
fermions
eµ
a
1 -1 0 –
Vµ
i
j 3 0 0 –
Aµ 1 0 0 –
bµ 1 0 0 –
T−ab 1 1 -1 –
D 1 2 0 –
ψµ
i
2 -1/2 -1/2 +1
χi 2 3/2 -1/2 +1
plet exists in four dimensions: here we will focus on the
standard formulation. The field content of the standard
Weyl multiplet contains the gauge fields of the SU(2, 2|2)
algebra: eµ
a (vielbein), an SU(2) doublet of Majorana
spinors whose positive and negative chiral projections
are denoted by ψµ
i and ψµi respectively (gravitinos), an
SU(2) triplet of gauge fields Vµ
i
j corresponding to SU(2)
R-symmetry, gauge field Aµ corresponding to U(1) R-
symmetry, gauge field bµ corresponding to the dilatation
symmetry. Apart from the above-mentioned gauge fields,
the Weyl multiplet also contains several auxiliary fields
that are required to balance bosonic and fermionic de-
grees of freedom. They include an SU(2) doublet of Ma-
jorana spinors whose positive and negative chiral pro-
jections are denoted by χi and χi respectively, a real
tensor Tab anti-symmetric in its Lorentz indices and a
real scalar field D. The above-mentioned field content
of the Weyl multiplet can be tabulated in Table-I along
with their chiral and Weyl weights. Here T∓ab refers to
the (anti)self-dual components of Tab. Complex conju-
gation is used to raise/lower SU(2) indices and change
the duality properties of a tensor. It hence flips the chi-
ral weight as well as chirality (for fermions) but not the
Weyl weight. The gauge fields ωµ
ab corresponding to
local Lorentz transformations, fµ
a corresponding to spe-
cial conformal transformation and φµi corresponding to
S-supersymmetry are dependent and are determined by
the following set of conventional constraints:
R(P )µν
a = 0 ,
γµ
(
R(Q)µν
i +
1
2
γµνχ
i
)
= 0 ,
eνbR(M)µνa
b − iR˜(A)µa +
1
4
T+abT
−
µ
b −
3
2
Deµa = 0 .
(1)
The super-covariant curvature R(P ), R(Q) and R(M)
appearing above are associated with local translation,
Q-supersymmetry and local Lorentz transformations re-
spectively and R˜(A) is the dual of the curvature asso-
ciated with the U(1) R-symmetry. The supersymmetry
commutators, in particular [δQ, δQ], gets modified by field
3dependent structure constants as mentioned below:
[δQ(ǫ1), δQ(ǫ2)] = δ
(cov)(ξ) + δM (ε) + δK(ΛK) + δS(η)
+ δgauge ,
[δS(η), δQ(ǫ)] = δM (η¯iγ
abǫi + h.c) + δD(η¯
iǫi + h.c)
+ δA(iη¯iǫ
i + h.c)
+ δV (−2η¯
iǫj − (h.c ; traceless)) ,
[δS(η1), δS(η2)] = δK(η¯2iγ
aηi1 + h.c) . (2)
The infintesimal transformations, δQ, δS , δM , δK ,
δD, δA and δV , correspond to Q-supersymmetry, S-
supersymmetry, local Lorentz, special conformal, dilata-
tion, U(1) and SU(2) R-symmetry respectively. The in-
finintesimal covariant transformation, δ(cov) is defined as:
δ(cov)(ξ) = δgct(ξ) +
∑
T
δT (−ξµhµ(T )) , (3)
where δgct is general coordinate transformation. The sum
is over all superconformal transformation (and any other
gauge transformation present in the multiplet) except lo-
cal translation and the field hµ(T ) is the corresponding
gauge field, except for Q and S-supersymmetry, where
hµ(T ) is
1
2 times the corresponding gauge fields and for
SU(2) R-symmetry where hµ(T ) is −
1
2 times the cor-
responding gauge field. Finally the effect of any other
gauge transformation (for example in vector multiplet)
is encoded in δgauge that appears on the RHS of [δQ, δQ]
algebra in (2). The parameters that appear above in (2)
read:
ξµ = 2ǫ¯i2γ
µǫ1i + h.c. ,
εab = ε
ij ǫ¯1iǫ2jT
−
ab + h.c. ,
ΛaK = ε
ij ǫ¯1iǫ2jDbT
−ba −
3
2
ǫ¯i2γ
aǫ1iD + h.c. ,
ηi = 6ǫ¯
[i
1 ǫ
j]
2 χj . (4)
Apart from the Weyl multiplet(s), there exists a large
variety of N = 2 superconformal matter multiplets in
four dimensions [15–21]. These multiplets all contain 8+8
off-shell degrees of freedom, with the exception of the
hypermultiplet which is an on-shell multiplet2.
In section-V, we will present a large N = 2 off-shell
matter multiplet, which contains instead 24+24 degrees
of freedom and forms an irreducible representation of the
SU(2, 2|2) superconformal algebra.
2 The existence of off-shell hypermultiplet is subtle. One can for-
mulate it in the presence of an off-shell central charge. Alter-
natively one can also formulate it in harmonic superspace [22],
without the need for a central charge. The latter formulation
requires infinite degrees of freedom.
III. TENSOR MULTIPLET AND THE
MULTIPLET OF SUPERCURRENTS
The current multiplet for a rigid N=2 tensor multiplet
in four dimensions has been given in [11] as a reducible
multiplet containing two parts: a conformal supercurrent
V and a trace supermultiplet Lijkl satisfying the super-
space constraints3.
DijV = −
4
5
DklL
ijkl (5)
The supersymmetry transformation of the components
of this current multiplet can be read off from the above
superspace constraints. The components of this cur-
rent multiplet and its supersymmetry transformations
are central to our construction of the real scalar mul-
tiplet in four-dimensional N=2 conformal supergravity.
Hence, for clarity of exposition, we will discuss in this
section the details of this current multiplet construction,
in component notation.
An off-shell rigid N=2 tensor multiplet in four space-
time dimensions [21] encompasses 8+8 degrees of free-
dom, organized in an SU(2) triplet of pseudo-real scalars
Lij satisfying the reality constraint (Lij)
∗ ≡ Lij =
εikεjlLkl; an SU(2) doublet of Majorana spinors, whose
positive components are denoted by φi; a real tensor
gauge field Eµν with vector gauge transformation δEµν =
2∂[µΛν]. To close the algebra off-shell, an auxiliary com-
plex scalar field G is required. When G is set to zero
through its algebraic equations of motion, the supersym-
metry transformations of the tensor multiplet compo-
nents are given by :
δEµν = iǫ¯
iγµνφ
jεij + h.c. ,
δφi = /∂Lijǫj + ε
ij /Hǫj ,
δLij = 2ǫ¯(iφj) + 2εikεjℓǫ¯(kφℓ) . (6)
The action that is invariant under the above susy trans-
formation reads:
S =
∫
d4x
[
HµH
µ − φ¯i
←→
/∂ φi −
1
2
∂µL
ij∂µLij
]
, (7)
where we defined
Hµ =
i
6
εµνρσHνρσ . (8)
The three form Hµνρ is the gauge-invariant field strength
of the tensor gauge field Eµν defined asHµνρ ≡ 3 ∂[µEνρ].
The equations of motion for the fields are given by:
/∂φi = 0 , ∂2Lij = 0 , ∂[µHν] = 0 . (9)
3 See also [23] for a complete classification of all N=2 supercurrent
multiplets in four spacetime dimensions.
4The tensor gauge field also satisfies the Bianchi identity
∂µHµ = 0. Apart from the above mentioned supersym-
metry transformation (6), the action (7) is also invariant
under an SU(2)× U(1) R-symmetry.
The current multiplet associated to the tensor mul-
tiplet action contains the following components: the
energy-momentum tensor θµν arising from translation
invariance, a supersymmetry current Jµi arising from
the supersymmetry invariance, an SU(2) current vµ
i
j
and a U(1) current aµ arising from the SU(2)×U(1) R-
symmetry. Since the multiplet is non-conformal, the
trace σ of the energy-momentum tensor and the gamma-
trace λi of the supersymmetry current will also be a part
of the current multiplet. The above-mentioned compo-
nents of the current multiplet in terms of the tensor mul-
tiplet fields are given as below:
θµν = HµHν −
1
2
ηµνH
2 +
1
2
φ¯iγ(µ
←→
∂ ν)φi +
1
2
∂µL
ij∂νLij
−
1
4
ηµν∂ρL
ij∂ρLij ,
σ ≡ θµµ = −H
2 −
1
2
∂µLij∂µLij ,
vµ
i
j =
1
8
Lik
←→
∂µLjk −
1
4
(
φ¯iγµφj −
1
2
δij φ¯
kγµφk
)
,
aµ = −
i
8
φ¯lγµφl ,
Jµi =
1
2
γµ /Hφ
jεij −Hµφ
jεij + φ
j∂µLij −
1
2
γµ /∂Lijφ
j ,
λi ≡ γ
µJµi = /Hφ
jεij − /∂Lijφ
j . (10)
The other components of the current multiplet are ob-
tained by supersymmetry and read
tµ
i
j =
1
2
HµL
ikεkj +
1
4
(
φ¯iγµφj −
1
2
δijφ¯
kγµφk
)
,
eij = φ¯iφj , a˜µ = εij φ¯
i∂µφ
j , d =
1
2
LijLij ,
b−µν =
1
2
φ¯iγµνφ
jεij , c
ijkl = L(ijLkl) ,
Σijk = L(ijφk) , ξj = Ljkφ
k . (11)
Together, eqs. (10) and (11) form the 48+48 component
current multiplet of the rigid N=2 tensor multiplet in
four spacetime dimensions. They satisfy the following
conservation, reality and trace relations.
∂µθµν = 0 , σ = θ
µ
µ , ∂
µJµi = 0 , λi = γ
µJµi ,(
vµ
i
j
)∗
= −vµ
j
i , vµ
i
i = 0 , ∂µv
µi
j = 0 ,(
tµ
i
j
)∗
= −tµ
j
i , tµ
i
i = 0 ,
(cijkl)
∗
≡ cijkl = εimεjnεkpεlqcmnpq ,
∂µa
µ = 0 , (aµ)
∗
= aµ , ∂µa˜
µ = 0 ,
∂µb−µν = a˜ν ,
1
2
εµνρσb
−ρσ = −b−µν , (12)
and transform under supersymmetry as :
δθµν = ǫ¯
iγλ(µ∂
λJν)i + h.c. ,
δσ = ǫ¯i /∂λi + h.c. ,
δtµ
i
j =
1
2
ǫ¯iJµj −
1
2
ǫ¯iγµλj +
1
4
εlmεjk ǫ¯
l /∂
(
γµΣ
imk
)
−
1
3
ǫ¯iγµ /∂ξj −
1
3
ǫ¯i∂µξj − (h.c.;traceless) ,
δvµ
i
j =
1
2
ǫ¯iJµj −
1
4
εkjεlmǫ¯
lγµ /∂Σ
ikm −
1
3
ǫ¯i∂µξj
+
1
4
εkjεlmǫ¯
l∂µΣ
ikm +
1
3
ǫ¯iγµ /∂ξj
− (h.c.;traceless) ,
δaµ =
i
4
ǫ¯kJ
k
µ + h.c. ,
δb−µν = −ε
ik ǫ¯iγ
αγµνJαk ,
δa˜µ = 2ε
ik ǫ¯i /∂Jµk + ε
ik ǫ¯iγµ /∂λk − ε
ik ǫ¯i∂µλk ,
δeij = −2ǫ¯k /∂Σ
ijk − 2εk(iεj)lǫ¯kλl −
8
3
εk(iεj)lǫ¯k /∂ξl ,
δd = 2ǫ¯iξ
i + h.c. ,
δcijkl = 4ǫ¯(iΣjkl) + 4εimεjnεkpεlq ǫ¯(mΣnpq) ,
δJµi = θµνγ
νǫi + (γργµσ + γµσγρ) ∂
σvρkiǫk
+ (γργµσ + γµσγρ) ∂
σtρkiǫk −
1
4
∂µb
−
νργ
νρǫjǫij
+ γµρa˜
ρǫjεij + i (γργµσ − 3γµσγρ) ∂
σaρǫi ,
δλi = σǫi + 4/∂/v
k
i ǫk + 4/∂/t
k
i ǫk − 4∂µt
µk
i ǫk − 8i/∂/aǫi
+ 3/˜aǫjεij −
1
4
/∂(γ · b−)ǫjεij ,
δξj = −2/t
l
jǫl − 4/v
l
jǫl + 6i/aǫj −
3
8
b−.γǫmεjm
−
1
2
εjlεkme
lkǫm +
1
2
/∂dǫj ,
δΣijk = −2εl(i/t
jk)
ǫl + 2ε
l(i/v
jk)ǫl +
1
2
/∂cijklǫl − e
(ijǫk) .
(13)
IV. LINEARIZED SUPERGRAVITY
MULTIPLET
The components of the current multiplet will couple to
the linearized components of a supergravity multiplet as
shown below in (14). This will fix the basis and normal-
ization of the fields belonging to our linearized gravity
multiplet4. The invariant action reads:
4 If we choose different numerical factors in the coupling or take
different linear combination of fields coupling to the currents, we
will have a different choice of basis and normalization for the
fields which will be related to our choice via field redefinition.
5S =
∫
d4x
[
1
2
θµνhµν + σϕ+ dD +
1
24
cijklCijkl +
1
4
b−µνT
−µν − 2vµ
i
jV
µj
i + e
ijEij + 4 aµA
µ +
(
tµ
i
j − vµ
i
j
)
Sµji
+2J¯µiψ
µi + λ¯iΛ
i + ξ¯iζ
i +
1
3
Σ¯ijkΞ
ijk + a˜µA˜
µ + h.c.
]
. (14)
Supersymmetry invariance of the above action (14) gives
us the linearized transformation of the fields. Due to
the constraints (12) satisfied by the currents, the fields
coupling to them will have gauge symmetries. For in-
stance, the field Vµ
i
j will have an SU(2) gauge symmetry
δVµ
i
j ∼ ∂µΛ
i
j because it couples to a conserved current
(second line of 12). As a consequence, we can neglect
some pure gauge terms ∼ ǫ¯i∂µΛj that will appear in the
supersymmetry variation of Vµ
i
j . Alternatively one can
add terms proportional to ∂µvµ
j
iǫj (which is zero due to
the relations (12)) in the supersymmetry variation of λi
in (13), which cancels against any pure gauge-like terms
of the form shown above in the supersymmetry variation
of Vµ
i
j .
Analogously, due to the last line of (12), the fields T−µν
and A˜µ that couple to the current b
−
µν and a˜µ have a
complex vector gauge transformation as shown below.
δT−µν = ∂[µΛν] −
1
2
εµνρσ∂
ρΛσ ,
δA˜µ = Λµ . (15)
From the above equation, it is obvious that the field A˜µ
is a pure gauge under this complex vector gauge trans-
formation and can be gauged away by using the gauge
fixing condition A˜µ = 0. However, we need to compen-
sate the supersymmetry transformation of A˜µ by a field-
dependent complex vector gauge transformation. This
will only affect the supersymmetry transformation of T−µν .
After doing the above set of exercises, we obtain the lin-
earized transformation of the fields belonging to the lin-
earized multiplet:
δCijkl = −2ǫ¯(l/∂Ξijk) − 2εimεjnεkpεlq ǫ¯(m/∂Ξnpq) ,
δD = −
1
4
ǫ¯i /∂χ
i + h.c. ,
δhµν = 2ǫ¯iγ
(µψν)i + h.c. ,
δϕ = −
1
2
ǫ¯iΛ
i + h.c. ,
δEij =
1
3
ǫ¯kΞijk −
1
2
ǫ¯(lζk)εikεjl ,
δVµ
j
i = −ǫ¯i(γρσγµ + γµγρσ)∂
σψρj − 2ǫ¯iγµ /∂Λ
j
+
3
2
ǫ¯iγµζ
j − (h.c.;traceless) ,
δSµ
j
i = ǫ¯i(γρσγµ + γµγρσ)∂
σψρj + 2ǫ¯iγµ /∂Λ
j − 2ǫ¯i∂µΛ
j
− ǫ¯iγµζ
j −
1
3
εljεnkǫ¯nγ
µΞilk − (h.c.;traceless) ,
δT−µν =
3
2
ǫ¯iγµνζ
jǫij − 2ǫ¯
iγµν /∂Λ
jǫij
+ 8εij ǫ¯
i
(
∂[µψ
j
ν]
)
|A.S.D
+ 2ǫ¯iγµνγρσ∂
ρψσjεij ,
δAµ = +
i
4
ǫ¯i(γρσγµ + 3γµγρσ)∂
σψρi +
3i
4
ǫ¯jγµζ
j
− iǫ¯jγµ /∂Λ
j + h.c. ,
δψµi = −
1
2
γλνǫ
i∂λhµν + V µijǫ
j + iAµǫi
−
1
8
εij(γ · T−)γµǫj ,
δΛi = −2/∂ϕǫi − /Sijǫ
j − 2εikεjlǫjElk ,
δζi = −
4
3
/∂/S
i
jǫ
j −
4
3
γµν∂µVν
i
jǫ
j +
8
3
εikεlj /∂Elkǫj
− 4Dǫi ,
δΞijk =
3
2
εmnεlp
[
∂µS
µl
(iδ
n
j δ
p
k) − 2γ
µν∂µSν
l
(iδ
n
j δ
p
k)
−2γµν∂µVν
l
(iδ
n
j δ
p
k)
]
ǫm
+ 6/∂E(ijǫk) − Cijklǫ
l . (16)
In the above variations, we observe that the derivative of
the gravitino ψiµ appears in antisymmetric form∼ ∂[µψ
i
ν],
in the supersymmetry variation of some of the fields
like Vµ
i
j , Sµ
i
j , T
−
µν and Aµ. This is important because
derivatives of gauge fields should be traded off for the cor-
responding curvature (R(Q) in this case) and it can only
happen if the derivatives appear in an anti-symmetric
form. But before trading off ∂ψ in terms of R(Q) in the
above variations, we recall that the curvature R(Q) will
contain a term proportional to the S-gauge field φiµ at
the linearized level. This happens because the gravitino
ψiµ transforms under S-supersymmetry which is known
to be δSψµ
i = −γµη
i from the superconformal algebra.
Hence, the linearized form of the curvature R(Q)iµν , is
given as
R(Q)iµν = 2∂[µψ
i
ν] − γ[µφ
i
ν] , (17)
where φiµ is the gauge field corresponding to S-
supersymmetry. Using (17) one can trade off the an-
tisymmetric derivative on the gravitino for the curva-
ture R(Q) in the supersymmetry variation of the above-
mentioned fields. However, we also need to impose the
curvature constraint on R(Q). The conventional con-
straint for R(Q) (1) involves the standard Weyl multi-
plet field χi. However, at this point, since we have not
yet identified the field χi, which would be some linear
6combination of the fields appearing in (16), it is difficult
to implement the conventional constraint for the curva-
ture R(Q) from (1). We will instead impose the following
unconventional constraint on R(Q)5
γµR(Q)iµν = 0 , (18)
which, at the linearized level, gives:
γµν∂µψ
i
ν = −
3
2
γνφiν . (19)
We can see that, when we try to re-write ∂[µψ
i
ν] in terms
of R(Q) and use the above constraint in the linearized
transformation (16), bare S-gauge field φiµ will pop out
as shown below.
δVµ
i
j = 2ǫ¯jφ
i
µ − 2ǫ¯jγµγ · φ
i − 2ǫ¯j /∂Λ
i +
3
2
ǫ¯jγµζ
i
− (h.c.;traceless) ,
δAµ =
i
2
ǫ¯iφ
i
µ − iǫ¯jγµγ · φ
j +
3i
4
ǫ¯jγµζ
j − iǫ¯jγµ /∂Λ
j
+ h.c. ,
δT−µν = 4εij ǫ¯
iR(Q)jµν − 2ǫ¯
iγµν /∂Λ
jεij − 2ǫ¯
iγµνγ · φ
jεij
+
3
2
ǫ¯iγµνζ
jǫij ,
δSµ
i
j = 2ǫ¯iγµ /∂Λ
j − 2ǫ¯i∂µΛ
j + 2ǫ¯iγµγ · φ
j − 2ǫ¯iγµφ
j
− ǫ¯iγµζ
j −
1
3
εljεnk ǫ¯nγ
µΞilk − (h.c.;traceless) .
(20)
Among the fields that appear above in (20), the fields like
Sµ
i
j and T
−
µν do not couple to any conserved current, and
as a result they will not correspond to any gauge fields
of the multiplet. Rather they will be the auxiliary fields.
Such fields should not have any bare S-gauge field in their
transformation rules, which should be either be inside a
covariant derivative or a curvature. Hence, terms involv-
ing bare S-gauge field that appears in (20) for T−µν and
Sµ
i
j , should be absorbed into the covariant derivative of
Λi. This can be done, if we let Λi to transform under
S-supersymmetry as
δSΛ
i = −2ηi . (21)
As a consequence, the covariant derivative of Λi at the
linearized level is as shown below:
DµΛ
i = ∂µΛ
i + φiµ . (22)
5 The conventional and the unconventional constraints are related
by a shift in the S-gauge field by a term proportional to the
auxiliary fermion χi. Once we correctly identify the χi, we can
go back to the conventional constraint by making an appropriate
shift in the S-gauge field.
In terms of the covariant derivative on Λi, the supersym-
metry variation (20) takes the following form
δVµ
i
j = 2ǫ¯jφ
i
µ − 2ǫ¯j /DΛ
i +
3
2
ǫ¯jγµζ
i − (h.c.;traceless) ,
δAµ =
i
2
ǫ¯iφ
i
µ +
3i
4
ǫ¯jγµζ
j − iǫ¯jγµ /DΛ
j + h.c. ,
δT−µν = 4εij ǫ¯
iR(Q)jµν − 2ǫ¯
iγµν /DΛ
jεij +
3
2
ǫ¯iγµνζ
jεij ,
δSµ
i
j = 2ǫ¯iγµ /DΛ
j − 2ǫ¯iDµΛ
j − ǫ¯iγµζ
j
−
1
3
εljεnk ǫ¯nγ
µΞilk − (h.c.;traceless) . (23)
By looking at the transformation of the R-symmetry
gauge fields Vµ
i
j and Aµ, we find that the standard Weyl
multiplet χi can be identified with the following linear
combination at the linearized level6 .
χi = −
3
4
ζi + /DΛj . (24)
By making a supersymmetry transformation on the
above, we find that the following linear combination is
identified with the standard-Weyl multiplet field “D” at
the linearized level.
D = 3D − 2∂2ϕ . (25)
Finally, we also redefine the scalar field ϕ as 7
φ = eϕ . (26)
Having identified the standard-Weyl multiplet field χi,
we would prefer going back to the conventional con-
straint by making a field redefinition on the S-gauge
field: φiµ → φ
i
µ −
1
2γµχ
i. In terms of the above rede-
fined fields ((24)-(26) as well as the redefined S-gauge
field), we see that the linearized components hµν , Vµ
i
j ,
Aµ, T
−
µν , D, ψµ
i, χi decouples from the rest and they
transform, under Q-supersymmetry, exactly like the lin-
earization of the standard Weyl multiplet known in the
literature in the conventional constraints. The full su-
persymmetry transformation of the above fields includ-
ing the S-supersymmetry transformation follows from the
superconformal algebra (2) and is already known. The
remaining 24+24 components φ, Eij , Sµ
i
j , Cijkl , Λ
i, Ξijk
transform as given below.
δφ = −
φ
2
ǫ¯iΛi + h.c. ,
δΛi = −2 /Pǫi −
(
/S
i
jǫ
j + 2εikεjlǫjElk
)
− 2ηi ,
6 Here, we need to keep in mind that we are working with the
unconventional constraint and hence the variation of Vµij and
Aµ should be compared with the results known in the literature
after shifting the S-gauge field so that we can correctly identify
the χ field (see for instance [10]).
7 The redefinitions are redundant at the linearized level, but im-
portant at the non-linear level.
7TABLE II.
Field SU(2) Irreps Weyl
weight
(w)
Chiral
weight
(c)
Chirality
(Fermions)
φ 1 1 0 –
Sa
i
j 3 1 0 –
Eij 3 1 -1 –
Cijkl 5 2 0 –
Λi 2 1/2 1/2 +1
Ξijk 4 3/2 -1/2 +1
δSa
i
j = ǫ¯jγaχ
i +
2
3
ǫ¯jγa /DΛ
i − 2ǫ¯jDaΛ
i
−
1
3
εliεnk ǫ¯nγaΞljk − (h.c.;traceless) ,
δEij = 2ǫ¯
(lχk)εikεjl −
2
3
ǫ¯(l /DΛk)εikεjl +
1
3
ǫ¯kΞijk ,
δΞijk =
3
2
εmnεlp
[
∂µS
µl
(iδ
n
j δ
p
k) − 2γ
µν∂µSν
l
(iδ
n
j δ
p
k)
−γ · R(V )l(iδ
n
j δ
p
k)
]
ǫm
+ 6/∂E(ijǫk) − Cijklǫ
l ,
δCijkl = −2ǫ¯(l/∂Ξijk) − 2εimεjnεkpεlq ǫ¯(m/∂Ξnpq) . (27)
Here, we have defined Pa = φ
−1∂aφ and R(V )µν
i
j =
2∂[µVν]
i
j . The above result (27) is a linearization of our
final result (29)8. The above linearized transformation
gives us the Weyl and chiral weights of the field (See
Table-II). Because of its S-susy transformation, Λi will
have the same chiral and Weyl weight as ηi. Further,
we obtain the weights of Eij , Sa
i
j , Cijkl and Ξijk by
looking at the above susy transformation (27) and the
knowledge of the weights of the Q-susy parameter ǫi. The
chiral weight of φ has to be zero because it is a real
scalar field while its Weyl weight is obtained by acting
the commutator [δS , δQ] on it. We present a schematic
Table-II with the full field content of the multiplet, along
with their SU(2) irreps, Weyl and chiral weights as well
as chirality for fermions. The chirality and the SU(2)
irreps of the fields are obvious from the currents they
couple to. In addition the field Sa
i
j and Cijkl satisfy the
following reality conditions which again follow from the
reality conditions satisfied by the corresponding currents.
(Sa
i
j)
∗ ≡ Sai
j = −Sa
j
i ,
(Cijkl)
∗ ≡ Cijkl = εimεjnεkpεlqCmnpq . (28)
In the next section, we will show the fully non-linear re-
sult (29), obtained by applying the supersymmetry alge-
bra (2) on the linearized result (27). We will also assume,
without loss of generality, that the S-transformation of
Sa
i
j , Eij , Cijkl and Ξijk is zero. This is because, given
its S-susy transformation, Λi can be straightforwardly
used as a compensator to give S-susy invariant fields.
V. THE REAL SCALAR MULTIPLET
Completing the linearized analysis of the previous sec-
tion gives us the full supersymmetry transformation of
the real scalar multiplet. All the field components are
invariant under special conformal transformation9, and
they transform under Q- and S-supersymmetry as shown
below10.
δφ = −
φ
2
ǫ¯iΛi + h.c. ,
δΛi = −2 /Pǫi −
(
/S
i
jǫ
j + 2εikεjlǫjElk
)
−
1
2
Λ¯iΛjǫj −
1
4
Λ¯jγaΛjγ
aǫi +
1
8
Λ¯iγabΛ
jγabǫj − 2η
i ,
δSa
i
j = ǫ¯jγaχ
i +
2
3
ǫ¯jγa /DΛ
i − 2ǫ¯jDaΛ
i −
1
3
εliεnkǫ¯nγaΞljk +
1
24
ǫ¯jγaγ.T
−Λkε
ik −
1
3
ǫ¯jγaΛkElmε
ilεkm −
2
3
ǫ¯iγa/S
k
jΛk
−
1
2
ǫ¯i/S
k
jγaΛk +
1
2
ǫ¯kγa/S
i
jΛk −
2
3
ǫ¯iγa /PΛj − ǫ¯
i /PγaΛj −
1
24
Λ¯iΛk ǫ¯jγaΛk −
1
32
Λ¯iγbcΛ
kǫ¯jγ
bcγaΛk
− (h.c.;traceless) ,
δEij = 2ǫ¯
(lχk)εikεjl −
2
3
ǫ¯(l /DΛk)εikεjl +
1
3
ǫ¯kΞijk −
1
12
ǫ¯kγ.T−Λ(iεj)k +
2
3
ǫ¯kΛ(iEj)k − 2ǫ¯(iΛ
kEj)k −
2
3
ǫ¯kΛkEij
+ ǫ¯kΛ
kEij −
1
3
ǫ¯(l/S
m)
kΛ
kεilεjm −
2
3
ǫ¯(k /PΛl)εikεjl −
1
12
ǫ¯(lγaΛ
k)Λ¯mγaΛmεilεjk ,
8 We have partial non-linear results (see δφ and first term of δΛi)
because we worked with the field φ instead of ϕ which are related
by an exponentiation as given in (26).
9 This follows in a straightforward way from the [δS , δS ] commu-
tators (2).
10 We use the usual conventions for symmetrized non-consecutive
indices, i.e. the indices that are not symmetrized are surrounded
by vertical lines. For instance, we will write a multi-indices tensor
product AiBjkl, symmetrized in (ijl) as A(iBj|k|l).
8δΞijk =
3
2
ǫmnǫlp
[
DaS
al
(iδ
n
j δ
p
k) − 2γ
abDaSb
l
(iδ
n
j δ
p
k) − γ.R(V )
l
(iδ
n
j δ
p
k)
]
ǫm + 6 /DE(ijǫk) − Cijklǫ
l
− 6ElnEm(iεj|l|εk)nǫ
m − 6 /PE(ijǫk) + 3/S
m
(iEjk)ǫm − 6/S
m
(iEj|m|ǫk) + 3S
am
(iS
bn
jεk)mεlnγabǫ
l
+ 3P aSa
l
(iεj|l|εk)mǫ
m −
3
4
γ.T−Elmǫnε(i|l|εj|m|εk)n + Λ¯
lγa /DΛ
mγaǫ(iεj|l|εk)m +
1
4
Λ¯l /DΛ(iǫ
mεj|l|εk)m
−
3
8
Λ¯l /DγabΛ(iγ
abǫmεj|l|εk)m −
1
4
Λ¯(i /DΛ
lǫmεj|l|εk)m +
1
8
Λ¯(iγab /DΛ
lγabǫmεj|l|εk)m
−
3
2
Λ¯(iR(Q)ab
lγabǫmεj|l|εk)m +
1
2
Λ¯pΞlmnǫqεilεjmεknεpq −
1
2
Λ¯(mΞnp)lǫqεimεjnεkpεlq −
1
8
Λ¯lγabΞijkγ
abǫl
− Λ¯(iΞjk)lǫ
l +
1
8
Λ¯(iγabΞjk)lγ
abǫl −
1
2
Λ¯lγaΞijkγ
aǫl + Λ¯
lγaΞl(ijγ
aǫk) −
3
2
Λ¯(iχ
lǫmεj|l|εk)m
−
3
2
Λ¯(iγabχ
lγabǫmεj|l|εk)m +
3
2
Λ¯lχ(iǫ
mεj|l|εk)m − 3Λ¯
lγaχ
mγaǫ(iεj|l|εk)m +
1
4
εl(kΛ¯iΛj)γ.T
−ǫl
−
1
8
εl(kΛ¯
lγaΛiγ.T
−γaǫj) +
1
2
Λ¯(lΛmEn)pǫqεilεjmεknεpq −
1
2
Λ¯pΛ(lEmn)ǫqεilεjmεknεpq +
1
2
Λ¯lΛ(iEjk)ǫ
l
−
1
2
Λ¯(iΛjEk)lǫ
l +
1
4
Λ¯lγabΛ(iEjk)γ
abǫl +
1
4
Λ¯lγaΛlγ
aǫ(iEjk) − Λ¯
lγaΛ(iγ
aǫjEk)l −
1
2
Λ¯l/S
n
lΛ(iǫ
mεj|n|εk)m
+
1
4
ε(i|n|εj|m|Λ¯
l/S
n
k)Λlǫ
m −
1
8
Λ¯l/S
n
lγabΛ(iγ
abǫmεj|n|εk)m +
3
16
ε(i|n|εj|m|Λ¯
l/S
n
k)γ
abΛlγabǫ
m
+
1
2
Λ¯nΛm/S
l
(iǫjεk)mεnl +
1
2
Λ¯l /PΛ(iǫ
mεj|l|εk)m +
1
16
Λ¯lγabΛ
m/S
n
(iγ
abǫjεk)nεlm +
1
2
Λ¯l /PγabΛ(iγ
abǫmεj|l|εk)m
+ Λ¯lΛm /Pǫ(iεj|l|εk)m +
1
8
Λ¯mΛnΛ¯lγaΛlγ
aǫ(iεj|m|εk)n −
1
16
Λ¯lΛmΛ¯nγabΛ(iγ
abǫnεj|l|εk)m ,
δCijkl = ǫ¯(iΓjkl) + εipεjqεkrεlsǫ¯
(pΓqrs) + (ǫ¯mΛ
m + ǫ¯mΛm)Cijkl . (29)
In the above, the composite field Pa ≡ φ
−1Daφ and Γijk is defined as:
Γijk = −2 /DΞijk − 3DaS
an
(iΛ
mεj|n|εk)m + 6 /DE(ijΛk) − 2CijklΛ
l + 2 /DΛ(iEjk) + 2DaΛ
lSan(iεj|n|εk)l
− 2γabDaΛ
lSb
n
(iεj|n|εk)l − 4Ξ
lmnEl(iεj|m|εk)n + 2/S
l
(iΞjk)l + 12χ(iEjk) − 6/S
l
(iχ
mεj|l|εk)m − 4 /PE(ijΛk)
− 4PaS
an
(iεj|n|εk)lΛ
l − 2Paγ
abSb
n
(iεj|n|εk)lΛ
l − 2/S
l
(iEjk)Λl − 2/S
l
(iEj|l|Λk) − 4E(ijεk)mεlnE
mnΛl
+ 12ε(i|m|εj|n|Ek)lE
mnΛl + Sa
m
(iS
an
jεk)mεlnΛ
l + γabS
am
(iS
bn
jεk)mεlnΛ
l +
1
2
γ · T+E(ijεk)lΛ
l
+
1
4
/S
l
(iγ · T
−Λjεk)l +
1
2
Λ¯lΛm /DΛ(iεj|l|εk)m +
5
4
Λ¯lγaΛ(iεj|l|εk)mDaΛ
m +
5
16
Λ¯lγbcγaΛ(iεj|l|εk)mγbcDaΛ
m
+
3
2
Λ¯lΛmχ(iεj|l|εk)m −
3
2
Λ¯lγaΛ(iεj|l|εk)mγaχ
m +
1
2
Λ¯qΛ(pΞml)nεipεjmεklεqn +
1
2
Λ¯lγaΛ(iγ
aΞjk)l
+
3
2
Λ¯lΛm /PΛ(iεj|l|εk)m −
1
4
Λ¯lΛm/S
n
(iεj|n|εk)mΛl −
1
32
εmnΛ¯
mγabΛnγab/S
l
(iΛjεk)l
−
1
2
Λ¯lΛ(mEpq)Λnεipεjqεkmεln − Λ¯(iΛjEk)lΛ
l − Λ¯lΛ(iEjk)Λ
l +
1
8
Λ¯lΛmΛ¯nγaΛnγ
aΛ(iεj|l|εk)m . (30)
VI. FIELD REDEFINITIONS AND
SIMPLIFYING THE SUPERSYMMETRY
TRANSFORMATION LAWS
The supersymmetry transformation of the multiplet
presented in the previous section has the advantage of the
fields (with the exception of Λi) being S-invariant, which
can sometimes be useful. However, the Q-supersymmetry
transformations turn out to be extremely complicated
and non-linear. In this section, we will present a field
redefinition in which the supersymmetry transformation
becomes simpler and linear with the only non-linear
terms arising from the background Weyl multiplet. The
field redefinitons that we find are:
V = φ−2 ,
ψi = φ−2Λi ,
Kij = φ−2E¯ij +
1
2
φ−2Λ¯iΛj ,
Aa
i
j = φ
−2Sa
i
j −
1
2
φ−2
[
Λ¯iγaΛj −
1
2
δijΛ¯
mγaΛm
]
,
ξijk = φ
−2Ξijk + 3φ
−2Λ(iEjk) + 3φ
−2/S
m
(iΛ
nεj|m|εk)n
9TABLE III.
Field SU(2) Irreps Weyl
weight
(w)
Chiral
weight
(c)
Chirality
(Fermions)
V 1 -2 0 –
Aa
i
j 3 -1 0 –
Kij 3 -1 -1 –
Cijkl 5 0 0 –
Λi 2 -3/2 1/2 +1
ξijk 4 -1/2 -1/2 +1
−
3
4
φ−2Λ¯mγaΛ(iγaΛ
nεj|m|εk)n ,
Cijkl = φ
−2Cijkl + 12φ
−2E(ijE¯kl) + 2φ
−2Λ¯(iΞjkl)
+ 3φ−2Sn(i · S
m
jεk|m|εl)n + 3φ
−2Λ¯(iΛjEkl)
+ 3φ−2εimεjnεkpεlqΛ¯
(mΛnEpq)
+ 2φ−2εimεjnεkpεlqΛ¯
(mΞnpq)
− 6φ−2Λ¯n/S
p
(iΛjεk|n|εl)p +
3
2
Λ¯(iΛjΛ¯
nΛpεk|n|εl)p .
(31)
Here, we have defined:
E¯ij = εikεjlEkl . (32)
The above redefined fields have the same reality proper-
ties, SU(2) irreps, chiral weight and chirality as the cor-
responding old fields. But the Weyl weight is shifted to a
negative value as shown in Table-III because of the multi-
plication by an overall φ−2. The Q and S-supersymmetry
transformation of the multiplet in terms of the redefined
fields take the following simple form:
δV = ǫ¯kψ
k + h.c. ,
δψi = /DV ǫi − /A
i
jǫ
j − 2Kijǫj − 2V η
i ,
δKij = 2V ǫ¯(iχj) −
2
3
ǫ¯(i /Dψj) +
1
3
ǫ¯kξlmkε
ilεjm +
1
12
ǫ¯(iγ · T−ψlε
j)l − 2η¯(iψj) ,
δAa
i
j = V ǫ¯jγaχ
i +
2
3
ǫ¯jγa /Dψ
i − 2ǫ¯jDaψ
i −
1
3
εliεnkǫ¯nγaξljk +
1
24
ǫ¯jγaγ · T
−ψkε
ik − η¯jγaψ
i − (h.c; traceless) ,
δξijk =
3
2
DaA
al
(iεj|m|εk)lǫ
m − 3DaAb
l
(iεj|m|εk)lγ
abǫm −
3
2
V γ ·R(V )l(iεj|m|εk)lǫ
m + 6 /DK lmǫ(iεj|l|εk)m − Cijklǫ
l
−
3
4
γ · T−ǫnK(ijεk)n −
3
2
R¯(Q)labψ(iγ
abǫmεj|l|εk)m −
3
2
χ¯lψ(iǫ
mεj|l|εk)m +
3
2
χ¯lγabψ(iγ
abǫmεj|l|εk)m
+
3
2
χ¯(iψ
lǫmεj|l|εk)m + 3χ¯
mγaψ
lγaǫ(iεj|l|εk)m − 6K
nmη(iεj|n|εk)m − 6 /A
m
(iη
nεj|m|εk)n ,
δCijkl = ǫ¯(iΓ˜jkl) + εimεjnεkpεlq ǫ¯
(mΓ˜npq) − 4η¯(iξjkl) , (33)
where,
Γ˜ijk = −2 /Dξijk + 12χ(iK
lmεj|l|εk)m . (34)
We can see that upon switching off the background Weyl
multiplet fields, we recover the supersymmetry transfor-
mation of the multiplet presented in [12], which was in-
troduced in flat superspace as a real scalar superfield V
satisfying the superspace constraints:
DαβV =
[
Diα, D¯α˙i
]
V = 0 .
(35)
Thus the multiplet that we have found is a generalization
of the flat-space multiplet of [12], to conformal supergrav-
ity background.
VII. CONSTRAINING THE MULTIPLET
In this section, we will show how to consistently con-
strain the real scalar multiplet to obtain a restricted mul-
tiplet with 8+8 components. For this purpose, we use the
fields of Table-II. This discussion is in line with the one
on N=2 chiral multiplet in the literature [24]. The chiral
multiplet of N=2 supergravity is a large multiplet with
16+16 components. It is known that a chiral multiplet
of Weyl weight w = 1 for the lowest component can be
consistently reduced by imposing a reality constraint on
an SU(2) triplet of fields Bij belonging to the chiral mul-
tiplet. Analogously, the 24+24 component real scalar
multiplet presented in this paper can be reduced to an
8+8 matter multiplet, by imposing a reality constraint
on the field Eij . However, since Eij has a non trivial chi-
ral weight c = −1 (as opposed to Bij of chiral multiplet
which has c = 0 if w = 1 for the lowest component), we
can only constrain it to a “real” field up to an overall
10
phase factor, which carries the chiral weight, i.e we can
constrain Eij to take the following form:
Eij = e
−iσ/2Lij , (36)
where Lij satisfies the reality constraint:
Lij = εikεjlLkl . (37)
Trivially, under chiral transformation, the phase σ trans-
forms as:
δU(1)(Λ)σ = 2Λ . (38)
As a consequence of (36), Eij and its complex conjugate
E¯ij ≡ εikεjlE
kl are related by the constraint:
Rij := E¯ij − e
iσEij = 0 . (39)
The above constraint can be taken as the starting point
of a procedure to obtain the full set of constraints by
applying supersymmetry. For the supersymmetry trans-
formation of Rij , we get:
δRij = ǫ¯(iΘj) + ǫ¯kΥ
lmkεilεjm
− e−iσεikεjl
(
ǫ¯(kΘl) + ǫ¯mΥmnpε
knεlp
)
, (40)
with
Θj = 2χj −
2
3
/DΛj +
1
12
γ.T+Λlεjl +
2
3
ΛlE¯jl
+
1
3
/S
k
jΛk −
2
3
/PΛj +
1
12
Λ¯mγaΛmγ
aΛj
−
2i
3
ζlE¯jl ,
Υlmk =
1
3
Ξlmk − Λ(lEmk) − iζ(lEmk) . (41)
Here, we have defined ζl as the supersymmetry variation
of the phase σ :
δσ = ǫ¯kζ
k + h.c. . (42)
Since Rij = 0 is a supersymmetric invariant constraint,
we need to set its supersymmetry variation to zero, i.e.,
Θi = 0 = Υijk, to get the other set of constraints. From
the first identity, we derive the relation between ζk and
the components of the dilaton matter multiplet. Specifi-
cally:
iζk = Λk + 3E−2αjE¯
jk , (43)
with
αj ≡ 2χj −
2
3
/DΛj +
1
12
γ.T+Λlεjl +
1
3
/S
k
jΛk −
2
3
/PΛj
+
1
12
Λ¯mγaΛmγ
aΛj ,
E2 ≡ EijEij . (44)
The constraint Υlmk = 0, together with (43), gives an
expression for Ξijk completely determined in terms of
the lower weight fields:
Ξijk = 9E−2αlE
(ijE¯kl) + 6Λ(iEjk) . (45)
At this point, one can check that δSΞijk = 0 by using
the S-transformation of αj :
δSαj =
8
3
E¯jkη
k .
Also from (43), one finds that δSζ
i = −2iηi, and hence
the [δQ, δS ] commutator acts on σ as:
[δS(η), δQ(ǫ)]σ = −2iǫ¯kη
k + 2iǫ¯kηk . (46)
This is consistent with the U(1) transformation of σ given
in (38).
Now, since Ξijk is completely determined in terms
of the lower weight fields, the number of independent
fermionic components of the multiplet is reduced to 8
(Λi).
We obtain further constraints on the bosonic fields by
setting the supersymmetry variation of Υijk to zero. For
simplicity, we present only the bosonic terms:
δΥijk = Aijklǫ
l +B(ijεk)lǫ
l +Dabijklγabǫ
l
+ F ab(ijεk)lγabǫ
l + /G(ijǫk) + /J ijklǫmε
lm , (47)
with
Aijkl =
1
3
[
−Cijkl − 12E
−2DaP
aE(ijE¯kl)
−18E−2DE(ijE¯kl) − 6E
−2DaS
am
(iEjkE¯l)m
−12E−2PaP
aE(ijE¯kl) + 6E(ijE¯kl)
− 12E−2PaS
am
(iEjkE¯l)m
−
3
2
E−2Snm.S
m
nE(ijE¯kl) ] + fermions ,
Bij = L
−2LijLklG
kl + fermions ,
F abij = Habij − L
−2LijL
klHabkl + fermions ,
Dabijkl =
4
3
L−2Habm(iLjkLl)nε
mn + fermions ,
Jaijkl =
4
3
L−2Gan(iLjkLl)mε
mn + fermions ,
Gaij = 3e
−iσ/2
(
DaLij −
(
L−1DaL
)
Lij
−Sak(iLj)k
)
+ fermions . (48)
In the above expressions, we have defined11:
Gij =
3
2
[
DaS
aij + 2PaS
aij
]
,
11 The indices of Saij and R(V )ab
i
j are raised/lowered by using
the rule Aij = εikA
k
j and Aij = Aikε
kj .
11
Habij = −
3
2
[
D[aSb]ij +
1
2
Sam(iSb
m
j) +
1
2
R(V )abij
]
.
(49)
By setting (47) to zero, we obtain the following set of
constraints:
Aijkl = 0 ,
GijLij = 0 ,
Habij = L
−2LijL
mnHabmn ,
Gaij = 0 . (50)
The first constraint fixes Cijkl in terms of the lower
weight field. The third constraint in (50) is not an inde-
pendent one, since it is equivalent to LlmεjmD[bGa]il = 0.
Hence, we are left with a scalar (1) and a vector-tensor
(12) constraints, which read explicitly:
(
DaS
aij + 2PaS
aij
)
Lij = 0 ,(
DaLij −
(
L−1DaL
)
Lij − S
ak
(iLj)k
)
= 0 . (51)
At this point, it is trivial to check that the second con-
straint above encompasses only 12-4=8 independent com-
ponents, since a contraction with Lij gives zero identi-
cally. Together, (51) constitute a set of 9 independent
constraints on Sa
i
j . Hence, Sa
i
j has only 3 independent
components. Furthermore, the second identity in (51)
can be solved for Sa
i
j in terms of a 4-vector Ha. To see
this, consider the set of equalities:
Sa
k
(iLj)k = Sa
k
iLjk − Sa
k
[iLj]k
= Sa
k
iLjk −
1
2
Sa
kmLmkεij
= Sa
k
iLjk −
1
2
φ−2LHaεij , (52)
where, we defined Sa
mkLmk = φ
−2LHa. The pre-factor
φ−2L is chosen conveniently so that Ha has Weyl weight
+3 and it satisfies a simple Bianchi identity as we will
see below. Substituting (52) into the second identity in
(51) and contracting with Llj , we can solve explicitly for
Sa
i
j :
Sa
i
j = L
−2
[
LimDaLjm − LjmDaL
im
]
+ φ−2L−1HaL
ikεkj . (53)
Plugging this solution in the first identity in (51), we
obtain a Bianchi identity on Ha, i.e.:
DaH
a = 0 . (54)
Thus, Ha can be interpreted as the dual of a 3-form field
strength corresponding to a 2-form gauge field, up to
possible fermionic terms.
To sum up, we have seen that, Sa
i
j has 3 independent
components which can be traded off for the dual of a
three form field strength Ha satisfying a Bianchi iden-
tity. Together with the real scalar field φ (1), the phase
σ (1) and Lij (3), they make up the total 8 bosonic com-
ponents expected for a minimal matter multiplet of N=2
supergravity.
VIII. THE EMBEDDING OF THE TENSOR
MULTIPLET IN THE REAL SCALAR
MULTIPLET
In this section, we want to show the precise embedding
of the N=2 tensor multiplet in the real scalar multiplet,
which satisfies the constraint discussed in the previous
section. This will show the equivalence between the ten-
sor multiplet and the restricted real scalar multiplet. For
completeness we write the full supersymmetry transfor-
mation of the tensor multiplet in a conformal supergrav-
ity background [21, 25]:
δLij = 2ǫ¯(iϕj) + 2εikεjlǫ¯
(kϕl) ,
δϕi = /DLijǫj + /Hε
ijǫj −Gǫ
i + 2Lijηj ,
δG = −2ǫ¯i /Dϕ
i − 6ǫ¯iχjL
ij +
1
4
εij ǫ¯iγ · T
+ϕj + 2η¯iϕ
i ,
δEµν = iǫ¯
iγµνϕ
jεij + 2iLijε
jk ǫ¯iγ[µψν]k + h.c . (55)
Here we have defined Ha as the dual of the 3-form field
strength Habc as shown below:
Ha =
i
6
εabcdH
bcd , (56)
where Hµνρ is the super-covariant field strength associ-
ated with tensor gauge field Eµν given as:
Hµνρ = 3∂[µEνρ] −
3i
2
ψ¯[µ
iγνρ]ϕ
jεij +
3i
2
ψ¯[µiγνρ]ϕjε
ij
−
3i
2
Lijε
jkψ¯[µ
iγνψρ]k . (57)
Now, it is possible to verify that the following combina-
tions of the tensor multiplet fields,
φ4 = L2 ,
Λi = −2L−2Lijϕj ,
Eij = L
−4LijL
klϕ¯kϕl − L
−2G¯Lij ,
12
Sa
i
j = 2L
−2HaL
ikεkj + 4L
−4LikLjmϕ¯
mγaϕk − L
−2ϕ¯iγaϕj −
1
2
L−2δijϕ¯
mγaϕm + L
−2
(
LikDaLjk − LjkDaL
ik
)
,
Ξijk = −24L
−6Lmnϕ¯mϕnL(ijLk)lϕ
l + 6L−4ϕ¯lϕ(iLjk)ϕ
l − 6L−4Llm /DLl(iLjk)ϕm + 6L
−4Lmn /HϕnL(ijεk)m
+ 12L−4G¯L(ijLk)lϕ
l + 6L−2 /Dϕ(iLjk) + 18L
−2L(ijLk)lχ
l −
3
4
L−2γ · T−ϕlL(ijεk)l ,
Cijkl = −18L
−2DL(ijLkl) + 6L
−4GG¯L(ijLkl) + 6L
−4HaHaL(ijLkl) − 12L
−4HaDaL
mnεm(iLjkLl)n
− 6L−2DaD
aL(ijLkl) + 6L
−4LmnDaLmnD
aL(ijLkl) − 3L
−2DaLmnDaLmnL(ijLkl)
− 9L−2χ¯mϕnL(ijεk|m|εl)n − 36L
−4χ¯mϕnL(ijLk|m|Ll)n − 36L
−4Lmnχ¯mϕnL(ijLkl) + 9L
−2χ¯(iϕjLkl)
+ 6L−4Gϕ¯(iϕjLkl) − 18L
−6GLmnϕ¯mϕnL(ijLkl) + 6L
−6G¯Lmnϕ¯
mϕnL(ijLkl) − 6L
−4G¯ϕ¯mϕnL(ijεk|m|εl)n
− 24L−6G¯ϕ¯mϕnL(ijLk|m|Ll)n − 6L
−4ϕ¯mγaϕ(iLjkDaLl)m + 36L
−6ϕ¯mγaϕnL
nsDaLs(iLjkLl)m
− 6L−4ϕ¯mγaϕmDaL(ijLkl) + 6L
−4ϕ¯m /Hϕ(iLjkεl)m − 36L
−6ϕ¯m /HϕnL
nsL(ijLk|m|εl)s
− 12L−4Lstϕs /Dϕ
mL(ijεk|t|εl)m − 12L
−4ϕ¯m /Dϕ(iLjkLl)m +
3
4
L−4εmnϕ¯
mγ · T−ϕnL(ijLkl)
+
3
4
L−4εmnϕ¯mγ · T
+ϕnL(ijLkl) − 36L
−6ϕ¯mϕnϕ¯mϕnL(ijLkl) − 36L
−6Lmnϕ¯
mϕnϕ¯(iϕjLkl)
+ 36L−6ϕ¯mϕnϕ¯mϕ(iLjkLl)n + 90L
−8Lmnϕ¯mϕnLstϕ¯
sϕtL(ijLkl) , (58)
transform as the components of the real scalar multiplet
(29). One can check that the above combinations satisfy
the constraints presented in the previous section. One
can also check that the combinations appearing as Sa
i
j
and Cijkl above also satisfy the reality constraints (28)
The relation between the tensor multiplet and the inde-
pendent components of the restricted real scalar multi-
plet can be obtained from the identification (58) and are
given as:
φ4 = L2 ,
Λi = −2L−2Lijϕj ,
e−iσ/2 =
(
Z
Z¯
)1/2
,
Lij = |Z|Lij ,
Ha = Ha + fermions , (59)
Here Z is defined as the following combination of tensor
multiplet fields:
Z = L−4Lklϕ¯kϕl − L
−2G¯ . (60)
Thus, we see that the off-shell 8+8 N=2 tensor multiplet
can be embedded within the 24+24 real scalar multiplet
that satisfies the constraints (39, 45, 50), mentioned in
the previous section 12.
IX. CONCLUSIONS AND FUTURE
DIRECTIONS
Superconformal couplings of the matter multiplets and
the gauge multiplet are crucial in our understanding of
12 We thank Daniel Butter for pointing out this possibility.
the structure of supergravity that can arise from them.
Apart from the structure of the higher derivative terms
that one can obtain, they also tell us about the geometric
structure of the matter couplings. For example, it is well-
known that the scalar manifold corresponding to vector
multiplet coupled to N=2 conformal supergravity in four
dimensions, upon gauge fixing and eliminating the auxil-
iary fields, corresponds to a special Ka¨hler manifold (see
[26–28] and [14] for a review). Similar geometric struc-
ture exists for other matter couplings in four-dimensional
as well as five-dimensional supergravity. Hence, the dis-
covery of new matter multiplets opens up the possibilities
of gaining new insights into supergravity structures aris-
ing from them.
In this paper, we have presented one such multiplet,
the real scalar multiplet, which contains 24+24 off-shell
degrees of freedom and generalizes the flat space result
of [12] to a conformal supergravity background13. We
have also shown that one can impose a consistent set of
constraints to reduce the multiplet to 8+8 components
and as an example, we have shown the embedding of
the tensor multiplet within the real scalar multiplet that
satisfies these constraints.
As a potential application of this result, one can con-
struct a density formula in terms of the real scalar multi-
plet, which by virtue of the tensor multiplet embedding
(58), will allow us to look for new couplings of tensor
multiplet to conformal supergravity. This would general-
ize the improved tensor multiplet action obtained in [25]
using an invariant density formula that involved the chi-
ral multiplet. We leave this study for a future work. It
would also be interesting to see if results analogous to
13 Such multiplets have also recently been constructed in six dimen-
sions [29].
13
the ones presented in section VIII can be obtained for
vector and Weyl multiplets, and the possibility of new
formulations of conformal and Poincare´ supergravity.
A complete knowledge of the structure of supergravity
arising from various matter and gauge couplings, in an
off-shell formulation, is crucial to our understanding of
black holes, in particular, the effective quantum correc-
tions to their entropy. In fact, using the standard Weyl
multiplet and other matter multiplets known so far, sev-
eral higher derivative invariants have been constructed
in four spacetime dimensions [30–33] and their effect on
black hole entropy have been studied [32, 34–36]. It has
also been shown that the above results are able to cor-
rectly reproduce the microscopic entropy of BPS black
holes [32, 34, 36] as well as some class of non-BPS black
holes [35]. However, the result presented in this paper
practically allows for the existence of new, unknown cou-
plings in supergravity, and their connection to higher di-
mensional theories and string theory in general. As an
inevitable consequence, the need will arise to revisit and
put under scrutiny every result mentioned above (and
more), based on the analysis of invariant couplings of
supergravity.
ACKNOWLEDGMENTS
The authors would like to thank Daniel Butter and
Bernard de Wit for their helpful comments on this work.
We would like to thank Daniel Butter and Sergei Kuzenko
for bringing the references [11, 12, 23, 29] to our notice.
We would also like to thank the organizers of the Indian
National Strings Meeting (NSM) 2015 (IISER Mohali)
for giving us a platform for illuminating discussions which
led to the idea behind this work.
[1] E. Bergshoeff, T. de Wit, R. Halbersma,
S. Cucu, M. Derix, and A. Van Proeyen,
“Weyl multiplets of N=2 conformal supergrav-
ity in five-dimensions,” JHEP 06 (2001) 051,
arXiv:hep-th/0104113 [hep-th].
[2] T. Fujita and K. Ohashi, “Superconfor-
mal tensor calculus in five-dimensions,”
Prog. Theor. Phys. 106 (2001) 221–247,
arXiv:hep-th/0104130 [hep-th].
[3] K. Hanaki, K. Ohashi, and Y. Tachikawa, “Supersym-
metric Completion of an R**2 term in Five-dimensional
Supergravity,” Prog. Theor. Phys. 117 (2007) 533,
arXiv:hep-th/0611329 [hep-th].
[4] T. Kugo and K. Ohashi, “Supergravity tensor calculus in
5-D from 6-D,” Prog. Theor. Phys. 104 (2000) 835–865,
arXiv:hep-ph/0006231 [hep-ph].
[5] N. Banerjee, B. de Wit, and S. Katmadas, “The
Off-Shell 4D/5D Connection,” JHEP 03 (2012) 061,
arXiv:1112.5371 [hep-th].
[6] E. Bergshoeff, E. Sezgin, and A. Van Proeyen, “Su-
perconformal Tensor Calculus and Matter Couplings
in Six-dimensions,” Nucl. Phys. B264 (1986) 653. [Erra-
tum: Nucl. Phys.B598,667(2001)].
[7] M. Muller, “Minimal N=2 off-shell supergravity,”
Phys. Lett. B172 (1986) 353–356.
[8] M. Muller, “Minimal N = 2 Supergravity in Super-
space,” Nucl. Phys. B282 (1987) 329–348.
[9] W. Siegel, “Curved extended superspace from Yang-Mills
theory a la strings,” Phys. Rev. D53 (1996) 3324–3336,
arXiv:hep-th/9510150 [hep-th].
[10] D. Butter, S. Hegde, I. Lodato, and B. Sahoo,
“N = 2 dilaton Weyl multiplet in 4D supergravity,”
arXiv:1712.05365 [hep-th].
[11] K. S. Stelle, “EXTENDED SUPERCURRENTS AND
THE ULTRAVIOLET FINITENESS OF N=4 SUPER-
SYMMETRIC YANG-MILLS THEORY,” in Nuffield
Workshop on Quantum Structure of Space and Time
London, England, August 3-21, 1981, pp. 337–361. 1981.
[12] P. S. Howe, K. S. Stelle, and P. K. Townsend, “The Re-
laxed Hypermultiplet: An Unconstrained N=2 Superfield
Theory,” Nucl. Phys. B214 (1983) 519–531.
[13] E. Bergshoeff, M. de Roo, and B. de Wit,
“Extended Conformal Supergravity,”
Nucl. Phys. B182 (1981) 173–204.
[14] T. Mohaupt, “Black hole entropy, special geome-
try and strings,” Fortsch. Phys. 49 (2001) 3–161,
arXiv:hep-th/0007195 [hep-th].
[15] P. Fayet, “Fermi-Bose Hypersymmetry,”
Nucl. Phys. B113 (1976) 135.
[16] R. Grimm, M. Sohnius, and J. Wess, “Ex-
tended Supersymmetry and Gauge Theories,”
Nucl. Phys. B133 (1978) 275–284.
[17] B. de Wit and J. W. van Holten, “Mul-
tiplets of Linearized SO(2) Supergravity,”
Nucl. Phys. B155 (1979) 530–542.
[18] B. de Wit, J. W. van Holten, and
A. Van Proeyen, “Structure of N=2 Supergrav-
ity,” Nucl. Phys. B184 (1981) 77. [Erratum: Nucl.
Phys.B222,516(1983)].
[19] M. Sohnius, K. S. Stelle, and P. C. West, “Off Mass Shell
Formulation of Extended Supersymmetric Gauge Theo-
ries,” Phys. Lett. 92B (1980) 123–127.
[20] F. Brandt, “New N=2 supersymmetric gauge the-
ories: The Double tensor multiplet and its in-
teractions,” Nucl. Phys. B587 (2000) 543–567,
arXiv:hep-th/0005086 [hep-th].
[21] B. de Wit and F. Saueressig, “Off-shell N=2
tensor supermultiplets,” JHEP 09 (2006) 062,
arXiv:hep-th/0606148 [hep-th].
[22] A. Galperin, E. Ivanov, S. Kalitsyn, V. Ogievetsky, and
E. Sokatchev, “Unconstrained N=2 Matter, Yang-Mills
and Supergravity Theories in Harmonic Superspace,”
Class. Quant. Grav. 1 (1984) 469–498. [Erratum: Class.
Quant. Grav.2,127(1985)].
[23] D. Butter and S. M. Kuzenko, “N=2 super-
gravity and supercurrents,” JHEP 12 (2010) 080,
arXiv:1011.0339 [hep-th].
[24] M. de Roo, J. W. van Holten, B. de Wit, and
14
A. Van Proeyen, “Chiral Superfields in N = 2 Super-
gravity,” Nucl. Phys. B173 (1980) 175–188.
[25] B. de Wit, R. Philippe, and A. Van Proeyen, “The
Improved Tensor Multiplet in N = 2 Supergravity,”
Nucl. Phys. B219 (1983) 143–166.
[26] B. de Wit and A. Van Proeyen, “Potentials and Symme-
tries of General Gauged N=2 Supergravity: Yang-Mills
Models,” Nucl. Phys. B245 (1984) 89–117.
[27] B. de Wit, P. G. Lauwers, and A. Van Proeyen,
“Lagrangians of N=2 Supergravity - Matter Systems,”
Nucl. Phys. B255 (1985) 569–608.
[28] E. Cremmer, C. Kounnas, A. Van Proeyen, J. P.
Derendinger, S. Ferrara, B. de Wit, and L. Girardello,
“Vector Multiplets Coupled to N=2 Supergravity: Super-
Higgs Effect, Flat Potentials and Geometric Structure,”
Nucl. Phys. B250 (1985) 385–426.
[29] S. M. Kuzenko, J. Novak, and S. Theisen, “New su-
perconformal multiplets and higher derivative invariants
in six dimensions,” Nucl. Phys. B925 (2017) 348–361,
arXiv:1707.04445 [hep-th].
[30] B. de Wit, “N=2 electric - mag-
netic duality in a chiral background,”
Nucl. Phys. Proc. Suppl. 49 (1996) 191–200,
arXiv:hep-th/9602060 [hep-th].
[31] B. de Wit, “N=2 symplectic reparametrizations in a
chiral background,” Fortsch. Phys. 44 (1996) 529–538,
arXiv:hep-th/9603191 [hep-th].
[32] B. de Wit, S. Katmadas, and M. van Zalk, “New
supersymmetric higher-derivative couplings: Full N=2
superspace does not count!,” JHEP 01 (2011) 007,
arXiv:1010.2150 [hep-th].
[33] D. Butter, B. de Wit, S. M. Kuzenko, and I. Lodato,
“New higher-derivative invariants in N=2 supergrav-
ity and the Gauss-Bonnet term,” JHEP 12 (2013) 062,
arXiv:1307.6546 [hep-th].
[34] B. Sahoo and A. Sen, “Higher derivative cor-
rections to non-supersymmetric extremal black
holes in N=2 supergravity,” JHEP 09 (2006) 029,
arXiv:hep-th/0603149 [hep-th].
[35] N. Banerjee, S. Bansal, and I. Lodato, “The Resolu-
tion of an Entropy Puzzle for 4D non-BPS Black Holes,”
JHEP 05 (2016) 142, arXiv:1602.05326 [hep-th].
[36] D. Butter, B. de Wit, and I. Lodato, “Non-
renormalization theorems and N=2 supersym-
metric backgrounds,” JHEP 03 (2014) 131,
arXiv:1401.6591 [hep-th].
